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A method is described to allow searches for transonic aeroelastic instability of realistically sized aircraft models in
multidimensional parameter spaces when computational fluid dynamics are used to model the aerodynamics.
Aeroelastic instability is predicted from a small nonlinear eigenvalue problem. The approximation of the
computationally expensive interaction term modeling the fluid response is formulated to allow the automated and
blind search for aeroelastic instability. The approximation uses a kriging interpolation of exact numerical samples
covering the parameter space. The approach, demonstrated for the Goland wing and the multidisciplinary
optimization transport wing, results in stability analyses over whole flight envelopes at an equivalent cost of several

steady-state simulations.

Nomenclature

Jacobian matrix

real-valued constant vector

matrices in modal structural model

vector of aerodynamic forces

identity matrix

imaginary unit (v/—1)

mass, damping, and stiffness matrices

number of parameter dimensions

freestream Mach number

number of normal modes, number of unknowns
eigenvector

residual vector

Schur complement matrix (A,; 4+ S)
interaction term of Schur complement matrix
vectors of unknowns and corresponding temporal
derivative

vectors of fluid mesh locations and velocities
solution matrix of linear system

solution vector of linear system

angle of attack

vectors of generalized coordinates and velocities
mass ratio

eigenvalue

bifurcation parameter

eigenvalue real part

matrix of mode shape vectors

eigenvalue imaginary part, circular frequency
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1. Introduction

HE prediction of aeroelastic instability is a critical engineering

challenge in aircraft design and certification. Standard
approaches in industrial applications are the classical k and p-k
methods [1]. These use an inviscid linearized theory formulated in
the frequency domain to determine the unsteady aerodynamic
response to modal motions. The doublet lattice method has been the
single most important tool in production flutter analyses for 40 years
[2]. Modern aircraft routinely operate in the transonic regime with its
mixed subsonic and supersonic regions, where a linear aerodynamic
theory formally fails due to the presence of flow nonlinearities, such
as shock waves and shock-induced flow separation. The linear
numerical predictions have to be corrected with data from experi-
mental campaigns or higher-fidelity flow simulations [3,4].

Transonic aerodynamics have to be modeled by nonlinear
equations for satisfactory results [5]. The use of computational
aeroelasticity employing high-fidelity aerodynamics based on
computational fluid dynamics (CFD) has matured from a research
exercise to a powerful tool in engineering applications due to
advances in algorithms and computer power over the last four
decades [6]. The stability of an aeroelastic system can be inferred
from time-accurate simulations following an initial excitation [7,8].
This approach is very capable due to its generality in dealing with
dynamically nonlinear systems, while the significant cost of CFD
simulations to solve for the unsteady nonlinear transonic aerody-
namics is a major drawback, thus in practice limiting the analysis to a
few carefully chosen cases. This is exacerbated by the requirement to
search a space of system parameters and flight conditions for critical
conditions.

To obviate the cost involved in solving large systems with millions
of degrees of freedom and to permit routine calculations over the
flight envelope, alternative approaches have been investigated over
the last decade. One direction, referred to as reduced-order modeling,
extracts key data on the dynamic aeroelastic system to form a low-
dimensional problem that tries to keep the accuracy of the full-order
formulation. Approaches include proper orthogonal decomposition
[9-11] and system identification based on the Volterra theory
[12,13]. A second direction keeps the (spatial) order of the full
system while manipulating its solution procedure to reduce the cost.
One popular approach is the harmonic balance method [14,15],
giving a reduction in the computational cost associated with
simulating dynamically nonlinear time-periodic unsteady problems,
such as limit-cycle oscillation (LCO). Another approach, presented
in this work, uses the theory of dynamical systems to predict
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aeroelastic instability of the Hopf type, which leads to flutter or LCO.
Here, a (linear) stability problem for a (nonlinear) steady-state
solution of the aeroelastic system is examined as an alternative to
unsteady simulations.

Following an approach first published in [16,17], the solution of an
augmented system of equations for the bifurcation point, defining the
onset of the aeroelastic instability, was successfully tested on a pitch-
and-plunge aerofoil configuration and the flexible AGARD 445.6
wing [18,19]. However, the CFD-based aeroelastic system is
typically large, making it difficult to solve the augmented system for
the bifurcation point directly. Consequently, several developments
have been made since this early work.

First, the shifted inverse power method was adapted to allow the
tracing of the aeroelastic modes, starting out in the wind-off
structural system and typically defining the instability, with changing
values of the bifurcation parameter (i.e., a representation of the
dynamic pressure). This provides information about the damping and
frequency of the aeroelastic modes [20]. Second, an improved
version of the basic method used the Schur complement eigenvalue
formulation for enhanced computational performance while
avoiding numerical problems associated with the shifted inverse
power method [21]. This method was applied to several wing
structures and complete aircraft configurations [22,23]. The coupled
aeroelastic system is viewed as a modified structural eigenvalue
problem with the interaction term, which depends on the response
frequency and the parameters defining the steady-state solution,
correcting for the aerodynamic influence. The evaluation of the
interaction term incurs most of the involved cost, as it generally
requires operations on the high-dimensional CFD-based system.

Third, the approximation of this interaction term was formulated
(for aerofoil cases) to search parameter spaces for aeroelastic
instability and to exploit a hierarchy of nonlinear aerodynamic
models, with cheaper models being used to evaluate possible
conditions of interest for more expensive models, the evaluation of
which is then used to update the approximation [24]. The
approximation of the interaction term, using the kriging interpolation
based on true numerical samples covering the parameter space of
interest, made the Schur complement eigenvalue method essentially
areduced-order model with the unmodified full-order fluid response
projected onto the structural system. This paper extends the ideas
associated with reconstructing the interaction matrix to three-
dimensional test cases under matched point conditions.

The paper continues with the details of the aeroelastic stability
analysis. The aerodynamic and structural models used are described,
and the Schur complement eigenvalue method including the
generation and approximation of the interaction matrix is outlined. A
method for coordinated risk-based sampling is shown. The
aeroelastic stability analyses for the Goland and multidisciplinary
optimization (MDO) wings are presented to illustrate the approach.

II. Governing Equations
A. Flow Model

In the current paper, the Euler equations are used as the
aerodynamic model. The governing equations are solved with an
established research code [25]. The code uses a block-structured cell-
centered, finite volume scheme for spatial discretization. Convective
fluxes are evaluated by the approximate Riemann solver of Osher and
Chakravarthy [26] with the MUSCL scheme [27], achieving
essentially second-order accuracy, and van Albada’s limiter,
preventing spurious oscillations around steep gradients. Boundary
conditions are enforced using two layers of halo cells.

Spatial discretization leads to a system of n; first-order ordinary
differential equations in time written in semidiscrete notation as
w, = R,(w,, w,), where w denotes vectors of unknowns and R/ is
the fluid residual vector. The subscripts f and s denote fluid and
structural contributions, respectively, with the latter contribution
influencing the fluid response due to the moving fluid mesh in
unsteady simulations. Implicit time marching converges to steady-
state solutions, while a second-order dual time stepping is used for

unsteady simulations [28]. Resulting linear systems are solved by a
preconditioned Krylov subspace iterative method [20].

The eigenvalue stability analysis requires the evaluation of the
Jacobian matrix blocks. The fluid Jacobian matrix A = dR /0w,
describes the influence of the fluid unknowns on the fluid residual
and has, by far, the largest number of nonzero elements for a modal
structural model. This matrix block is evaluated analytically (and
stored explicitly), which is crucial for the efficiency of the scheme
[20]. The matrix block A;, = dR/dw,, describing the dependence
of the fluid residual on the moving fluid mesh, is formed using finite
differences.

B. Modal Structural Model

Commonly in computational aeroelasticity, an aircraft structure is
represented as a linear combination of normal modes, small in
number when compared with the large dimension of the CFD system.
The deflections dx, of the (linear) structure are defined at a set of
points x; by éx(f) = ®(x,)n(z), where the vector » contains the n
generalized coordinates (modal amplitudes). The columns of the
matrix @ contain the mode shape vectors evaluated from a finite
element model of the structure. The finite element equations are
projected onto the mode shapes, and an appropriate scaling is applied
to obtain generalized masses of magnitude one according to
OTMD=1.

A system of n; =2n scalar equations is given for the modal
structural model in state-space representation, written as w,=
R (w; w,), with w,=[n7,47]" containing the generalized
coordinates and their velocities. The corresponding residual vector
is written as R, = Dw, + 9ED” f(w,, w,), with the matrices D =
[0,1; —®TKD, —®TCP] and E =][0,1]”, where I is the nxn
identity matrix. The generalized stiffness matrix ®7 K ® contains the
n normal mode frequencies squared on the diagonal. The generalized
damping matrix ®”C® contains the n values of modal damping on
the diagonal. For the test cases discussed in this paper, structural
damping is not considered and is set to zero throughout. The vector f
of aerodynamic (pressure) forces at the structural grid points follows
from the wall pressure, the area of the surface segment, and the unit
normal vector. It is then projected using the modes shapes to obtain
the n generalized forces ® f. The mapping between the fluid and
structural meshes uses the constant volume tetrahedron trans-
formation [29], although other methods can be used. The parameter ¢
for the mass ratio is obtained from the nondimensionalisation of the
governing equations and depends on the reference density.

As for the flow models, the evaluation of the Jacobian matrix
blocks is required for the eigenvalue stability analysis. The structural
Jacobian matrix A;, = dR,/dw;, is split into two contributions, one
from the normal mode frequencies and structural damping and one
due to the aerodynamic force vector, and it is given by
Ay, =D + OE®TIf /dw,. From experience, the second term is
usually negligible but can easily be included in the calculation. The
Jacobian matrix block A, = R, /0w describes how the structure
responds to changes in the flow field and is formed as
Ay =0E®T9f/0w,. Currently, the evaluation of the derivatives
df /0w and df/dw is done using finite differences.

III. Eigenvalue Stability Formulation
A. Schur Complement Eigenvalue Method

The aeroelastic system is written in standard state-space form as
w = R(w, ), with the vectors of unknowns w and corresponding
residuals R containing fluid and structural contributions and the
bifurcation parameter p in this paper either expressing freestream
velocity or altitude. The expression R(w,, ;1) = 0 is satisfied by an
equilibrium solution w, of the nonlinear system. Linear stability is
determined by eigenvalues A = o £ iw of the system Jacobian
matrix A(w,, 1) evaluated at the steady-state and chosen values of 4.
More important, the Jacobian matrix is exact with respect to the
applied spatial discretization scheme. A stable system has all of its
eigenvalues with a negative real part. A pair of complex conjugate



1204 TIMME, MARQUES, AND BADCOCK

eigenvalues with a zero real part defines the onset of an instability of
the Hopf type leading to flutter.

Linear aeroelastic instability can be predicted by solving the
standard eigenvalue problem (A — Al)p =0, where the Jacobian
matrix is conveniently partitioned in blocks expressing the different

dependencies:
JR Arr A
— — 1f fs
A (Asf A) @

Partitioning the eigenvector p into vectors of fluid and structural
contributions, the Schur complement eigenvalue method [21] is
derived. The equation (S(A) — AI)p, = 0 defines a small nonlinear
eigenvalue problem for the stability analysis, with the Schur
complement matrix S(A) explicitly written as

S\ =A, — A (A —ADTH A + AA) (2)

where A is an eigenvalue of the structural part in the uncoupled
system. Keeping only the first term on the right-hand side (i.e., the
matrix A,;) gives the structural eigenvalue problem, while the second
part describes the interaction (coupling) term, S¢= —A (A;—
A)7'(Aj, + AAy;). As the interaction goes to zero, the structural
eigenvalue problem is restored.

The matrix Ay = [Af,, Ay;] has been rearranged to illustrate the
dependence of the fluid residual R;(w;,x,Xx) on the structural
unknowns with generalized coordinates 5 (according to the structural
degrees of freedom) and their velocities # influencing the grid
displacements x(#) and grid velocities x (7)) of the fluid mesh. This
relation can be seen by observing that, for the state-space
representation, the structural eigenvector is written as
p, = [p}. Ap}]", using the expression 5§ = p,e*', consistent with a
linear stability analysis [30].

To solve this small complex-valued eigenvalue problem, the
system is augmented to scale the structural eigenvector p, against an
arbitrary real-valued constant vector c¢,. Then, the augmented
nonlinear system of the Schur residual is solved for the unknowns
[pT, A]". While the full eigenvalue problem for the matrix A contains
ny +ng+ 1 unknowns, the Schur complement -eigenvalue
formulation only has dimension n, + 1, where the number of the
structural unknowns is generally small.

An efficient way of finding the roots of nonlinear systems is the
Newton method, which requires the evaluation of the residual and its
Jacobian matrix (or an approximation). The evaluation of the
interaction term S¢ is the main cost, as it involves operations on
the high-dimensional fluid system, whereas the cost to form the
structural Jacobian matrix A, is negligible in comparison. The
interaction term in the Schur residual is evaluated by first forming
the product (A, + AA;)p, for the current approximation to the
eigenvector and then solving one linear system, (A;; —Al)y=
(Af; + AAgy) p,, the solution of which is multiplied with the matrix
Ayr. Applying finite differences gives the Schur Jacobian matrix.
Resulting linear systems are solved throughout in this work using the
generalized conjugate residual algorithm [31] with a block
incomplete lower/upper factorization (allowing one level of fill-in) as
preconditioner. Details can be found in [21,20].

As there are n relevant solutions of the nonlinear eigenvalue
problem, the cost of forming the interaction term at each Newton
iteration for each value of the independent parameter and for a range
of system parameters becomes too high without approximations.
Thus, a series approximation [32] of the Schur complement matrix
can be written for A = Ay + A, as

S()‘) ~ Ass - Asf((A/'/ - )‘01)71
+ A (A — AoD) ™) (Ap, + AoAgy + AAp) 3)

where A, denotes a small variation to the reference value A, which s,
for instance, a purely imaginary number of magnitude given by a
structural frequency or a previously converged solution at a different
value of the bifurcation parameter. Precomputing the factors in the
series (requiring 4n linear solves per shift A, for the first-order

expansion) allows the application of the expansion in the vicinity of
Ao Two approaches have been discussed [21,23]. The quasi-Newton
method evaluates the (exact) residual by the nonlinear approach
given in the previous paragraph, while the series expansion is used
for the Schur Jacobian matrix. The series method also applies the
series expansion to the residual, which is possible for small A, and for
the bifurcation parameter p not affecting the precomputed values
(i.e., for symmetric problems).

B. Approximation Model

Assuming a simple harmonic motion with constant amplitude for
the interaction term, the Schur complement matrix S in Eq. (2) is
written as

S~ (Cy +10C,) —¥C5(Asy — ia)l)_l(Af,] + iwApy) “4)

where the matrices C;, C,, and C; follow directly from the definition
of §in terms of A, and A,, given in the previous section. This form
allows the evaluation of the matrices C, and C; independently from
the mass ratio ¥ (depending on the reference density), which is
convenient for a matched point simulation. The other part of the
interaction term, —C3(A;; — ia)I)’l(Af77 + iwAy;), is sampled at
different locations in the parameter space. In the absence of static
aeroelastic deformation, the latter expression is independent of the
dynamic pressure reducing the number of relevant parameter
dimensions. The matrix C; = D also needs to be matched to the
current reference values, as the normal mode frequencies are made
dimensionless using the reference freestream velocity. The matrix
C,, containing the sensitivities of the force vector with respect to the
deformation, is commonly neglected, as it was found to be several
(typically three to five) orders of magnitude smaller than the other
terms.

Different types of simulations are discussed. First, an altitude can
be chosen to set the reference value of the density, and then the
freestream velocity (only influencing the matrix C; through
nondimensionalization) is varied to detect the onset of the instability.
The freestream velocity becomes the bifurcation parameter. Second,
for a matched point simulation, the altitude (as bifurcation parameter)
can be varied independently while adjusting the values of the density
and speed of sound according to standard atmosphere conditions.
Then, the velocity follows from the freestream Mach number.

The big computational challenge in solving the small nonlinear
eigenvalue problem is the evaluation of the Schur interaction matrix
S¢ to form the Schur residual and Jacobian matrix, as this involves
operations on the high-dimensional fluid system. This matrix
depends on the eigenvalue, particularly the imaginary part, and the
steady-state solution. The steady state makes it dependent on a large
number of parameters in both the flow model (e.g., Mach number,
angle of attack, and dynamic pressure) and the structural model due
to structural parameters generally affecting the mode shapes. This
means that the direct evaluation of the matrix S¢ (using either of the
three described approaches) will become too expensive if a large
space of system parameters has to be searched for aeroelastic
instability.

For computationally expensive simulations, such as the generation
of the Schur interaction matrix, it is useful to generate a cheap
approximation based on relatively few runs of the expensive model to
provide information about its response at untried parameter
combinations. Several approaches to construct response surfaces can
be found in the literature. In this study, as introduced in [24], the
Schur interaction matrix is reconstructed based on samples (i.e.,
exact evaluations of this term covering the parameter space of
interest) using kriging interpolation. Once the interaction matrix can
be represented by the kriging model, the eigenvalue problem can be
solved as often as necessary at very low computational cost.

C. Sample Generation

The interaction matrix can be formed in both the frequency and
time domains. Solving the n linear systems of the form (A, —
io)Y = (A, + iwAy;) directly and multiplying the solution matrix
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Y by the matrix A, to form the Schur interaction matrix is referred to
as the linear frequency domain approach. This is the preferred choice
due to the significant computational cost involved in time domain
simulations.

Alternatively in the time domain, the interaction matrix (i.e., the
generalized aerodynamic influence coefficient matrix) is evaluated
from the generalized forces ®7f following an excitation in the
structural unknowns. It is straightforward to excite one structural
degree of freedom at a time in a forced sinusoidal motion at some
fundamental frequency. Then, a column of the interaction matrix is
found from the n generalized forces, which are Fourier decomposed
and divided by the corresponding Fourier coefficient of the forced
structural motion. More elegant and efficient approaches to evaluate
the aerodynamic influence from unsteady CFD simulations over a
range of frequencies can be used, however, such as an exponentially
shaped pulse excitation [33] or unit step/impulse excitation [13,34].

D. Kriging Interpolation

In the kriging interpolation technique, which was described in
detail in [35], a multidimensional deterministic response of a
simulation is treated as a realization of a stochastic process. This
process is composed of a low-order regression model and a random
normally distributed signal with zero mean and a covariance,
depending on the variance of the input samples and the correlation
between two parameter locations. Thus, the second term (the error
term) is not independent at different locations but is related to the
distance between points in the parameter space. The parameters of
the computationally cheap kriging model are determined for a known
set of numerical samples of the full-order formulation by an
optimization process as given, for instance, in [35,36]. More
important, the kriging predictor gives the exact system response at a
sampled location. Details of the specific kriging toolbox [37] used in
this paper are given in the Appendix.

One representative kriging interpolated element of the Schur
interaction matrix S¢ for the Goland wing/store configuration with
the mass ratio set to unity is shown in Fig. 1. The element describes
the response in the first degree of freedom due to changes in the
second generalized coordinate. The black dots in the figure indicate
sample locations, while the meshed surfaces represent the kriging
predictions used for the stability analysis. The two-dimensional
parameter space is defined by the dimensionless response frequency
and freestream Mach number.

For flutter analyses using linear aerodynamics (such as the doublet
lattice method), the aerodynamic influence coefficient matrix is
usually evaluated at a limited number of points in the parameter space
defined by the reduced frequency and freestream Mach number. This
is necessary, as this evaluation significantly contributes to the
computational cost. An interpolation is then applied to find the values
between these discrete points [38]. Thus, the approach taken in this
study is similar but with two important differences. First, nonlinear
CFD aerodynamic modeling is applied. Second, the parameter space
in the current approach can easily be extended to include more
parameter dependencies. Recall that the steady-state solution and,
consequently, the interaction matrix can depend on a large number of
system parameters.

E. Sampling

The main computational task for the Schur complement
eigenvalue method is to evaluate the interaction matrix to describe
the fluid response accurately. The goal of this paper is to enable
aeroelastic instability searches over the flight envelope, and this is
achieved by introducing searches for the approximation of the
interaction matrix. Coordinated risk-based sampling was introduced
in the previous aerofoil study [24] for two-dimensional parameter
spaces including the response frequency and freestream Mach
number. Additional input parameter dimensions are now added to
demonstrate the generality of the approach. The sampling proceeds
in the same fashion as for the aerofoil cases.

First, an initial search space is defined by the corner points, with
the frequency range chosen according to the structural frequencies

samples

—-1.5+~
o
2] .”&O'o?::f:::"m’"l/ri:'so
s X /
¢ .l R
iy
O 4 -
-3 " I ’/ 0s
W

0.3

Mach number

a) Real part

samples

Mach number 0.8 0.5

frequency
b) Imaginary part
Fig. 1 Extracted and interpolated element S5, of Schur interaction

matrix for Goland wing/store configuration using Euler flow model;
mass ratio set to unity.

and any additional parameter dependencies chosen according to the
region of interest. This gives 2 initial samples for the m parameter
dimensions. Then, the aeroelastic modes from the (wind-off)
structural system are traced with varying values of the bifurcation
parameter using the kriging model to give the changes in the
interaction matrix, and the instability points are detected in the
parameter space. This is possible because of the low computational
cost of solving the eigenvalue problem with the interaction matrix
approximated. More important, the approximation model is always
constructed using the most recent set of samples. The detected
instability point corresponding to the highest kriging error in the
prediction of the interaction matrix gives anew sample location.f The
prediction error is readily estimated from the kriging model. Such a
risk-based sampling guarantees that samples are always placed at
locations where they support the prediction most in terms of risk (i.e.,
at previously evaluated instability points) and improvement (i.e., at
the location of the maximum error in the kriging model). Changes in
the instability prediction between consecutive iterations give a
convergence criterion.

To generalize, risk-based sampling can be outlined step by step as
follows:

1) Define initial sampling pattern of parameter space.

2) Iterate until convergence is found.

a) Use full-order CFD tool to calculate the interaction matrix at
the chosen parameter location(s).

SAlternative sampling criteria, such as a positive gradient in the
eigenvalue’s real part with respect to the bifurcation parameter, are possible
choices. At this point, expert knowledge would need to be inserted to specify
possible adaptations of the sampling criterion.
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a) Mode 1-f=1.69 Hz

¢) Mode 3-1=9.17 Hz

b) Mode 2 — £=3.05 Hz

d) Mode 4 - f=10.08 Hz

Fig. 2 Mode shapes of baseline Goland wing/store configuration.

b) Form the kriging model based on all available samples to
approximate interaction matrix.

¢) Run complete stability analysis using the kriging model to
obtain critical parameter values.

d) If the iterative solution satisfies user-predefined convergence
criteria, stop iterating.

e) Otherwise, choose a new sample location according to user-
predefined sampling criteria.

The iteration stage can be made fully automated. Of course, the
step involving the application of the CFD tool is the most expensive.
Steps involving initial user input allow expert knowledge to be
inserted.

IV. Results

In this section, two test cases are discussed: the symmetric Goland
wing/store configuration and the nonsymmetric MDO wing
configuration accounting for static aeroelastic deformation. For
these cases, it is demonstrated that the kriging approximation
approach gives stability predictions on a par with the exact full-order
eigenvalue solver at lower computational cost when applied over the
flight envelope. Furthermore, it is shown how coordinated risk-based
sampling allows the aeroelastic instability search in larger parameter
spaces while reducing the cost of constructing the approximation
model.

A. Goland Wing/Store: Symmetric Case Without Static
Aeroelastic Deformation

The Goland wing is a model wing having a chord of 1.8266 m and
a span of 6.096 m. It is rectangular and cantilevered with a constant
cross section defined by a 4% thick parabolic-arc aerofoil. The finite
element model, used to calculate the mode shapes, follows the
description given in [39]. The baseline wing/store configuration is
discussed retaining the four modes with the lowest frequencies for
the aeroelastic simulations. The frequencies as well as the mode
shapes mapped to the CFD surface mesh are shown in Fig. 2. A
computational mesh with 200,000 control volumes is used for the
current Euler simulations. The store aerodynamics are not modeled
in this study.

The instability boundary, as critical values of freestream velocity
at fixed sea level conditions, is presented in Fig. 3. The instability
onset with increasing freestream velocity is compared with the
numerical predictions from [39]. The results using the kriging

approach are included with the corresponding response surfaces,
shown in Fig. 1. The kriging approach gives excellent agreement
with the predictions based on the exact eigenvalue solver, where the
full-order results using both the quasi-Newton method and the series
method were found to be indistinguishable. Good agreement is also
seen with the transonic small disturbance (TSD) prediction from
[39], while a detailed comparative study (concerning factors like grid
resolution and definition of mode shapes) would be required to
explain the remaining differences. In the figure, it can be seen that the
dominant aeroelastic response changes from the (until then) first
bending mode to the first torsion mode at a transonic freestream
Mach number of about 0.9. The torsion mode instability is
characterized by the bucket of shock-induced LCO. Note that the
peaks before and after the bucket of LCO are characterized by the
third mode [39].

The results of time-accurate unsteady simulations, included in
Fig. 3 at two freestream Mach numbers, are consistent with the
eigenvalue predictions, with the plus (tilde) sign indicating a stable
(unstable) response due to an initial disturbance in the steady state. In

—— kriging hd
BOF — o~ funl T

A linear

[ ]
[=3
(=]

velocity in m/s

150
time accurate

100 mode 1 i

1 1 1 1

8 .85 9 .95
Mach number

Fig. 3 Instability boundary of Goland wing/store configuration for

Euler flow model showing critical values of velocity at sea level

conditions: linear denotes linear aerodynamic theory in MSC.Nastran

(both linear and TSD are from [39]).




TIMME, MARQUES, AND BADCOCK

1207

T T

a4
v lines: kriging
./-/ R vi symbols: full
5+ Ty —
s % 242 s
v 4 X
(4 A %
4+ _'// N .
4
. : Mach 0.85
< u sea level
o0 3F A? -
= 2
N
r
2F K 4
. ’,‘/" 184 m/s
1k RErcad i
1 1 1 1 1 1
08 -06 -04 -02 0 02 .04

real (A)

Fig. 4 Mode tracing with respect to velocity at sea level conditions and
Mach 0.85 for Goland wing/store configuration using Euler flow model;
eigenvalues given in dimensionless form.

contrast with the lower Mach number at 0.85, the response signals of
the generalized coordinates (not shown herein) describe a limit-cycle
instability strongly dominated by the second mode at Mach 0.925.
Figure 4 shows the root loci of the four aeroelastic modes with
respect to velocity changes at a freestream Mach number of 0.85,
comparing results from the kriging approach and the exact
eigenvalue solver. For the latter predictions, the series method was
applied with the series factors reevaluated once the variation A,
exceeded one-tenth of the reference A,. The results at Mach 0.85
show a classical binary instability mechanism, with an instability
occurring alongside the interaction of two aeroelastic modes
involving the first bending and first torsion modes. In addition, the
configuration gives a second instability at higher velocities following
the interaction of the third and fourth modes (which is not included in
Fig. 3).
The simplification of using an approximate Schur interaction
matrix based on samples for a simple harmonic motion is approp-
riate, as seen from these results. The modes can be traced accurately,
even away from the imaginary axis (where the approximation is exact
within the limits of the interpolation algorithm), suggesting that the
variation in the purely structural eigenvalue problem, (A, — AI)p,,
with respect to the eigenvalue’s real part is more dominant compared
with the variation in the interaction term S¢(w). The erratic trace of
the second mode at Mach (.85, obtained with the exact eigenvalue
solver, reveals a typical problem. As the exact interaction term S¢(A)
is evaluated for eigenvalues with a nonzero real part, the eigenvalues
from the wind-off structural system can interfere with the eigenvalue
spectrum of the fluid system (a characteristic Euler eigenvalue
spectrum is shown in [18]) causing an ill-conditioning of Eq. (2).
However, for the sample generation applied in this paper, assuming
simple harmonic motion (i.e., eigenvalues with zero real part), this
does not become an issue for the kriging approach.
For the reconstruction of the response surfaces in Fig. 1, 42
samples are used, corresponding to the cost of 42 x n linear solves
against the fluid system once the steady-state solution is available. A
linear solve is taken as an equivalent cost unit, because the solutions
of the large sparse linear systems incur most of the involved cost,
while in this case, the evaluation of three samples corresponds in cost
to solving one steady state. To give numbers, the n linear solves per
sample (including the evaluation of the Jacobian matrix blocks and
preconditioning) are done in about 8 min. of CPU time on a desktop
machine while converging the linear residual seven orders of
magnitude. These samples allow the stability analysis, covering a
range of freestream Mach numbers. Using the series method with a
first-order expansion, the evaluation of the series factors (for all four
normal modes) takes n x 4n linear solves per steady state
(amounting to about 2 h of CPU time for the 64 linear solves), while
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Fig. 5 Risk-based sampling for Goland wing/store configuration
showing critical values of velocity at sea level conditions.

tracing the modes can then be done essentially without additional
cost. Thus, with the third Mach number, the cost invested in
constructing the kriging model pays off. Also, the reconstruction
approach becomes more powerful with an increasing number of
normal modes, as every individual sample supports the analysis/
tracing of all modes, while the series factors are only valid close to the
shift A, (e.g., a structural frequency) they have been evaluated for.
Using risk-based sampling, which is presented in Figs. 5 and 6 for
the baseline Goland wing/store configuration, the computational cost
of the approximation model can be further reduced. Figure 5 shows
the convergence of the instability boundary. The instability boundary
is accurately predicted with 20 samples. The number of samples
required means a further cost reduction by a factor of two in this
example, while more significant savings are obtained for the
following test case. The distribution of these samples, together with a
representative approximated response surface and the projected trace
of the instability, is shown in Fig. 6. The clustering of the samples
around the converged instability boundary can be seen.

B. Multidisciplinary Optimization Wing: Nonsymmetric Case with
Static Aeroelastic Deformation

The MDO wing is a flexible, commercial transport wing designed
to operate in the transonic range. It has a span of 36 m and a thick
supercritical section. The nonsymmetric section makes the steady-
state solution, and hence the interaction term, dependent on the
altitude, chosen as the bifurcation parameter. The presented

e samples
instability points

8
= 61
@
o 44
©
£

frequency

Mach number

Fig. 6 Risk-based sampling for Goland wing/store configuration
showing element imag (S5 ,) of Schur interaction matrix and using Euler

flow model; mass ratio set to unity.
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a) Mode 1- f=0.84 Hz

b) Mode 2 - f=2.16 Hz

¢) Mode 3- f=3.56 Hz
Fig. 7 Mode shapes of MDO wing configuration: modes 1 to 4.

approximation approach becomes very attractive concerning the
cost. A computational mesh with 65,000 control volumes is used for
the current Euler simulations. The finite element model is given by a
wing box along the central portion of the wing [21]. For the
aeroelastic stability analysis, eight normal modes are considered,
with the mode shapes for the four lowest structural frequencies given
in Fig. 7. This case has been chosen to demonstrate the applicability
of kriging interpolation for the sampling and reconstruction approach
to a higher number of normal modes and independent parameter
dimensions.

The challenge for the kriging model as discussed up to this point is
not the inclusion of static deformation at a fixed freestream Mach
number, giving a two-dimensional parameter space, but the search
for aeroelastic instability over the flight envelope (i.e., a range of
freestream Mach numbers). This three-dimensional parameter space
is analyzed using 256 samples distributed at four (dimensionless
circular) frequencies between 0.4 and 2.5, eight altitudes between 0
and 15 km, and eight freestream Mach numbers between 0.7 and
0.88. A slice through this parameter space at a freestream Mach
number of 0.85 and a 0 deg angle of attack is given in Fig. §, showing
one element of the interaction matrix as a function of the
dimensionless frequency and altitude. The interaction matrix is given
with the actual value of the mass ratio depending on the altitude.

The corresponding tracing? of all aeroelastic modes originating in
the wind-off structural system is presented in Fig. 9. The figure gives
an accurate tracing compared with the full-order results using the
series method. Here, the series factors (just as the steady states) were
reevaluated at each new altitude for reasons of accuracy, with an
applied decrement of 500 m making it quasi Newton. The first mode
goes unstable at an altitude of about 4.5 km, closely followed by the
second mode crossing the imaginary axis at about 3.8 km. The
differences in the frequency at lower altitudes for the fourth mode are
due to the strongly damped character of this mode. The assumption of
a simple harmonic aerodynamic response [i.e., S°(w) instead of
§¢(A)] does not hold in this case. However, this behavior is irrelevant
for the stability prediction.

The structural model applied in the current formulation is linear. In
[40], however, it was argued that, for the class of flexible high-aspect-
ratio swept wings (such as the MDO wing), the nonlinear static
aeroelastic deformation plays a fundamental role in the instability
mechanism, causing a low-amplitude limit-cycle oscillation, which
may persist at high altitudes. A nonlinear structural model was
required in [40] to capture the described phenomenon, whereas a

INote that the eigenvalues are not traced starting from an altitude
corresponding to zero dynamic pressure but from an altitude of 15 km. Hence,
the roots do not start from the imaginary axis.

d) Mode 4 - f=3.99 Hz

linear structure resulted in a critical dynamic pressure overpredicted
by a factor of three. In terms of applicability of the approach
discussed in this paper, it must be remarked that the kriging model is
constructed to approximate the results of the exact eigenvalue solver,
no matter if a linear or nonlinear structural model is used, and its cost
must be judged relative to the exact eigenvalue solver.

The results of the stability analysis in the three-dimensional
parameter space showing critical values of altitude are presented in
Fig. 10. The agreement between the kriging and full-order series
results is close. For freestream Mach numbers below 0.75, the
configuration only encounters aeroelastic instability below sea level,
while at common cruise conditions, the critical region starts at about
5 km. Within the considered range of freestream Mach numbers, the
first mode instability is critical throughout.

The stability limit for the rigid MDO wing (i.e., without static
aeroelastic deformation) is included in Fig. 10. These results
demonstrate the importance of simulating static deformation in
transonic aeroelastic stability analyses. The typical transonic dip,
related to the first bending mode instability, is formed and shifted to
lower Mach numbers compared with the results including static
deformation. This is attributed to the formation of shock waves. The
influence of the static deformation on the steady-state solution with
varying altitude is presented in Fig. 11 and compared with the results
of arigid wing simulation. The flow is simulated at a fixed transonic
freestream Mach number of 0.85 and a 0 deg angle of attack. A
decreasing altitude, corresponding to an increase in the dynamic

—0.4 !
15000

10000 1
5000 > 15

altitude in m 0 25 frequency

Fig. 8 Extracted and interpolated element imag(S,;) of Schur
interaction matrix for MDO wing configuration at Mach 0.85 and 0 deg
angle of attack.
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configuration at Mach 0.85 and 0 deg angle of attack (AOA); eigenvalues
given in dimensionless form.

pressure, causes the wing to bend up and to twist the nose down
slightly at the wing tip, resulting in a weakened shock wave on the
upper surface of the wing. Thus, the shock strengths are reduced by
the static deformation compared with the rigid wing case.

The issue of cost is now considered for the case with static
aeroelastic deflection. In the three-dimensional parameter space, 256
samples are used, which is equivalent to the cost of 256 x n linear
solves plus the evaluation of the steady state at each altitude/Mach
number combination. Evaluating one steady state corresponds in cost
to solving approximately 2# linear systems (i.e., two samples) in this
case. To clarify matters, reducing the nonlinear residual for the
steady-state solution five orders of magnitude requires less than
5 min. of CPU time on a modern desktop machine, while the 7 linear
solves per sample are then obtained in about 2 min., converging the
linear residual seven orders of magnitude. The achieved resolution of
the reconstructed response surfaces is sufficient for accurate
predictions compared with the full-order results. Using the exact
eigenvalue solver with the series method, the series factors (just as the
steady states) have to be recalculated several times as the altitude is
decreased due to the altered static deformation. Assume that four
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Fig. 10 Stability results for MDO wing configuration using three-
dimensional grid sampling showing critical values of altitude.

Mach numbers are to be investigated. If, for an altitude search range
of 15 km, the series factors are reevaluated only four times, which
clearly introduces inaccuracy in the predictions, an equivalent cost of
4 x 4 x n x 4n linear solves for the eight normal modes is created,
amounting to about 17 h of CPU time for the 4096 linear solves. The
construction of the three-dimensional kriging model generates about
half the cost while giving accurate results.

Risk-based sampling can be used to further reduce the overall
computational cost, and these results are presented in Figs. 12-14.
The search for aeroelastic instability in the frequency/altitude
parameter space at a fixed freestream Mach number of 0.85 is shown
in Fig. 12. The sampling converges rapidly, as can be seen in the
figure, showing a representative element of the interaction matrix
together with the sample distribution and the (converged) instability
points. After the third iteration, starting from the four initial samples
defining the search space, a new sample location matches the
predicted instability points of the first and second modes very closely.
Continuing to iterate is neither necessary nor useful, as the
correlation matrix of the kriging model becomes increasingly ill-
conditioned for samples near previously sampled points [35]. Thus,
the seven sufficient risk-based samples mean a cost reduction by a
factor of about five, compared with the grid sampling shown in Fig. 8.

In Fig. 13, the mode tracing using these seven risk-based samples
for the reconstruction of the response surfaces gives excellent
agreement with the full-order series method throughout both the
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Fig. 11 Effect of static aeroelastic deformation on pressure distribution
at wing midsection at Mach 0.85 and 0 deg angle of attack (AOA) for
MDO wing.
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Fig. 12 Two-dimensional risk-based sampling for MDO wing
configuration showing element imag(S{, ;) of Schur interaction matrix
at Mach 0.85 and 0 deg angle of attack (AOA).

25

frequency

altitude and frequency ranges, even though large parts of the
parameter space are essentially uncovered by samples. Con-
sequently, accurate response surfaces are not evaluated globally.
There are two points to this observation. First, at high altitudes, the
influence of the interaction term S¢ is relatively small compared with
the structural Jacobian matrix Aj,, as the density is relatively low.
This can be observed in Figs. 8 and 12. Second, the higher frequency
modes are relatively insensitive to changes in the interaction matrix
elements, and the initial search space already gives a good enough
approximation. Looking at the equations of the structural model and
the Schur complement matrix, it is clear that the higher the normal
mode frequencies, the more dominant the structural part A,; on the
eigenvalue problem becomes.

As for the Goland wing/store configuration, there remains arisk of
missing additional (possibly more critical) instability points for the
higher frequency modes. However, the cheap approximation model
can be exploited to analyze the sensitivity of the eigenvalue problem
with respect to the elements of the interaction matrix. Figures 13b
and 13c additionally show the sensitivity of the mode tracing with
respect to a 20% variation randomly distributed (in a Monte Carlo
simulation) over the nonzero elements of the interaction matrix. The
sensitivity is expressed as one standard deviation about the mean. In
this case, the results demonstrate that the relatively large variations
do not give any tendency of the six higher frequency modes to go
unstable, confirming the observations in the previous paragraph,
while the first and second modes give rise to some uncertainty about
the onset of the instability. In addition, as the uncertainty in the
aerodynamic modeling is reflected in the response surfaces, this
information would allow the estimation of a necessity to use higher-
fidelity (more expensive) aerodynamic modeling and, if considered
to be important, the relevant locations to place the better samples.

The results of the search in three- and four-dimensional parameter
spaces (related to the aerodynamic model) are shown in Fig. 14. The
third dimension for the freestream Mach number covers a range
between 0.7 and 0.88, while the fourth dimension for the angle of
attack varies between —0.5 and 41 deg. Starting from the eight
initial corner samples defining the three-dimensional search space,
the algorithm, considering only the most critical conditions,
converges rapidly and, already, the second iteration (10 samples)
results in an accurate prediction, as can be seen in Fig. 14a. The
problem is converged in less than seven iterations (less than 15
samples) to search the parameter space for transonic aeroelastic
instabilities. It is clear that the elements of the interaction matrix are
not accurately reproduced globally by the risk-based sampling. This
has to be expected, considering the very low number of samples and
their clustering around the first mode instability, which defines the
most critical condition for this configuration to focus the search.
However, locally in the region of the first mode instability, the
approximation is accurate. The achieved cost reduction is
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Fig. 13 Mode tracing with respect to altitude for MDO wing configur-
ation using seven risk-based samples (7s) and showing sensitivity due to
20% variation in elements of interaction matrix as one standard
deviation.

impressive. The 15 risk-based samples mean a cost reduction by a
factor of almost 20 compared with the 256 uniformly distributed
samples.

For the four-dimensional risk-based sampling, the results of which
are shown in Fig. 14b, the search criterion was altered to detect all
possible instability points in the specified Mach number range at a
0 deg angle of attack (following the preceding results). To be precise,
rather than prescribing the lift of a trimmed condition, the angle of
attack is specified. The search algorithm converges in about 14
iterations, starting from the initial 16 samples to detect the first and
second mode instabilities accurately. Adding the fourth dimension to
the sampling problem demonstrates an interesting point about the
approach. The approximation model can be updated for changes in
the system parameters by adding additional samples that account for
these changes (e.g., additional samples for different angles of attack).
All the previously sampled points are kept to support the prediction,
as the number of samples for the approximation model grows
gradually depending on the requirements. Thus, the reuse of samples
is a major advantage of the kriging approach.
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V. Conclusions

The aeroelastic stability analysis based on nonlinear CFD was
investigated for the linear modal structural model to describe realistic
aircraft problems. Particularly, the search for aeroelastic instability
over a proposed transonic flight envelope was addressed. This was
demonstrated successfully by introducing searches for the
approximation of the interaction matrix, modeling the influence of
the aerodynamics on the modified structural eigenvalue problem
solved for the stability analysis. The approximation used kriging
interpolation based on exact numerical samples describing the
system response. Two aircraft models were discussed, including the
Goland wing and the MDO transport wing.

Using kriging interpolation based on exact numerical samples
makes the approach, essentially, a model reduction technique. While
the basic Schur complement eigenvalue method is faster than
common time-accurate approaches, the reduced formulation proves
to be computationally more efficient, despite the cost invested in the
construction of the kriging model itself. The construction of the
kriging model using coordinated risk-based sampling to locate new
sample locations iteratively makes the approach efficient in detecting
aeroelastic instability in larger parameter spaces requiring not more
than the cost of several steady-state simulations (e.g., for the MDO
wing undergoing static aeroelastic deformation, a transonic
instability boundary in a three-dimensional search space was
predicted at the cost of about 20 steady-state simulations).

Updating an approximation model with available information
from flight tests must be discussed in future studies. Processed
response signals provide estimates for modal frequency and damping
at given parameter combinations (like freestream Mach number and
altitude) within the stable flight envelope. This information could
then be used, for instance, in an inverse eigenvalue problem to update
the interaction matrices obtained from a high-fidelity CFD
simulation. These updated matrices could provide the means to
predict the instability onset beyond the flight-test limits.

Appendix

For convenience, a single scalar system response y is assumed to
be a function of the m-dimensional input vector s. The discussion,
however, generalizes for multidimensional responses. In the current
case, let y be an element Sfj of the interaction matrix and let s
represent a combination of system parameters, such as frequency
(i.e., imaginary part of eigenvalue) and freestream Mach number.
Consider a given set of n numerical samples, [s, ...,s,], and the
corresponding system response y, = [y(s;), ..., y(s,)]”. The best
linear unbiased predictor, referred to as the kriging predictor,
minimizes the error of the interpolation [36] and is given as

Fx)=f(x)-B+rx)-[R(y, — FB)] (A1)

where the first term is the regression, while the second term adjusts
the prediction based on the correlation. More important, the kriging
predictor approximates the system response at an unsampled location
x at the expense of only two scalar products. The gradient Vy(x) of
the predicted response, required in solving the Schur eigenvalue
problem using the Newton method, is given as

Vi(x) = fiB + iR (y, — FB)] (A2)

with f, and r, expressing the analytically evaluated Jacobian
matrices of the vector of basis functions f and the vector of
correlations r with respect to the unsampled location x.

The root-mean-squared error ¢ is referred to as the standard error
of the kriging model and is a measure of uncertainty in the prediction.
It is evaluated by

@*(x) =0l —r(x) - R'r(x) + u- (FTR'F)"'u] (A3)
with the vector u(x) = FTR™!r(x) — f(x) and the process variance
o> =n"'(y,— FB)'R™'(y, — FB) (A4)

The second term in Eq. (A3) reduces the prediction error, since an
unsampled location x is correlated with the known set of samples,
whereas the third terms adjust for errors in estimating the regression
model. More important, at a sample location, the error is zero.

The vector of regression parameters 8 is the generalized least-
squares estimator of the overdetermined regression problem y,; ~
FB and is given by the expression

B = (F'R'F)"'F'R 'y, (AS)

with F as regression matrix and R as the correlation matrix. The
matrix F = [f(s,),..., f(s,)]" is built from basis vectors f. A
constant regression gives the matrix F as a n x 1 unit column vector,
whereas in the linear case, the elements of the matrix are given by
f(s)=1[1,sq,...,5,]". The matrix R of dimension n x n is built
from the elements

R;;(0.p.s;.s;) = l_[scf(G‘k, D> sff) — s,((j)) (A6)
k=1

where scf is a spatial correlation function of the arguments 6, p and
the distance between samples s; and s ;. Several (such as exponential
and spline) correlation functions have been given in the literature,
reflecting characteristics of the system output. The correlation vector

r(x) = [Rll(o’p7s17x)’ s 7Rnl(07p’sn!x)]T (A7)
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contains the correlation between the provided set of samples and an
unsampled location x. The parameter 6, indicates the activity of the
kth independent variable, while p, is a measure of the smoothness in
acoordinate direction. The vector of parameters p is often predefined
by the chosen correlation model (such as a Gaussian-like
correlation), whereas the optimal correlation coefficients 8 are given
by the maximum likelihood estimate [36,41] and minimize the
expression det(R'/"c?). This requires the nontrivial iteration to the
optimum.
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